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Abstract: We show that every positive solutions of the following system
of difference equations

(1) L) ! (k) L
T +1 = oy €T 41 —_ Tray 3 ey T +1 = —
' 41,2 o 2y " W
as well as of the system
m _ 1 1 w _ 1
Tpt1 = (k) Tp1 = O R T+l = (k—1)
Ly ) In

is periodic with period equal to 2k if £ # 0(mnod2), and with period k& if
k =0 (mod 2).

AMS Subject Classification: 39A10, 39A12
Key Words: difference equation systemns, periodicity, positive solution

1. Introduction

It is well known that all well defined solutions of the difference equation

1
Ipn+1 = ;‘ (11)

n

are periodic with period two. Motivated by equation (1.1) we investigate
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the periodic character of the following two systems of difference equations,
which can be considered as a natural generalizations of equation (1.1),

1 _ L L (k) 1
Lol = gy Tnt1 = 3y oo Tnwl T Y (12)
o Ry
and
OO NN S ¢ N w1
Tppt = Gy Tkt = Ty o Tael T ey - (1.3)
Iy Iy 0

In order to prove main results of the paper we need an auxiliary result
which is contained in the following simple lemma from number theory. Let
GCD(k,l) denote the greatest common divisor of the integers & and [.

Lemma 1. Let k € N, and GCD(k,2) = 1, then the numbers a; =
20 +1, (oraqp = =21+ 1), 1 = 0,1,....,k — 1, satisfy the following property
a;, — ap, # 0 (mod k), when I} # Is.

Proof. Suppose the contrary, then we have
2(ly = ly) = a;, — ay, = ks,

for some s € Z\ {0}.
Since GCD(k,2) = 1, it follows that & is a divisor of [| —I3. On the other
hand, since 1,1y € {0,1,...,k — 1}, we have I, — 2| < k, a contradiction. [J

Remark 1. From Lemma 1 we see that therests b;,{ =0,1,...,k—1 of
the numbers a; = 2{+1,{ = 0,1, ..., k—1, obtained by dividing the numbers g,
by k are mutually different, they are contained in the set A={0,1,...,k — 1},
make a permutation of the ordered set (0,1, ...,k — 1), and finally a}, = 2k+1
is the first number of the form 2[ + 1, [ € N, such that a; — ayp = 0 (mod k).

2. Proofs of Main Results

In this section we formulate and prove the main results in this paper.

Theorem 1. Counsider equation (1.2), where k> 1. Then the following
statements are true.

(a) If k # 0O(mnod?2), then every positive solution of equation (1.2) is
periodic with period 2k.

(b) If k = 0O(mnod 2), then every positive solution of equation (1.2) is
periodic with period k.
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Proof. First note that the system is cyclic. Hence it is enough to prove
that the sequence (mﬁf)) satisfies conditions (a) and (b) in the corresponding
cases.

Further, note that for every s € N system (1.2) is equivalent to a system
of ks difference equations of the same form, where

o

= "™+ for every n € Nj € {L,.k} and r=0,1,..,s -~ 1. (2.1)

TL

On the other hand, we have

o _ 1 e
‘fl'n-zl - Tz) = :L‘EL-—l' (2'2)
Ly

(a) Let b, { =0,1,...,k — 1, are the rests mentioned in Remark 1. Then

from (2.2) and Lemma 1 we obtain that

LD @) _ .06 _  _ (2k-1) _(2Kk+1)

Tpt1 = Lpl = Lp—g = o = ‘I’n+1—2(k—l) o :En-|-1—2k' (2'3)
Using (2.1) for sufficently large s, we obtain that (2.3) is equivalent to (here
we use the condition GCD(k,2) = 1)

o) (b)) (bk—1) (1)

£c+1 Ty ) = Tyly = =Tt —2(k-1) = Tn+1-2k"
From this and since by Lemma 1 the numbers 1,b;, by, ..., bp_ are piecewise

different, the result follows in this case.
(b) Let k = 2s, for some s € N. By (2.1) we have

e), = =g o sy )

'cn+l =Ly = n-3~ T “n4l1-2s — 3Ln—i—l—?.{i
which yields the result. B

Remark 2. Inorder to make the proof of Theorem 1 clear to the reader,
we explain what happens in the cases £k =2 and k =
For k = 2 system (1.2) is equivalent to the system

m__EL L2 - e 1 w1

M

Tl = 2) Yn+l T (3)° Tpi1 = (4)? “nt+l (5)°
Ly Ly In Tn 9 4
; 1 : 1 (2.4)
NOTNNE SN ORI
n+l = (6)’ “m+l (1)’
L, Iy

where we consider that a;,(n) = .LS ) = .LS;J ) and .L‘;$,) = 1,&4 ) = L,(rb) n € N.From

(1) 3) _ (1)

this and (2.2) we have z, |, =z’ | =z, for every n € N. Using again
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(1)

which means that the sequence z;’ is periodic

(1) (1)

(2.2) we get z, |, = ,°,,
with period equal to 2.

If k = 3 systemn (1.2) is equivalent to systeiwn (2.4), where we consider that
wg) = wﬁf),ﬁf) = .LSS) and :CS’) = :L'q(f).Using this and (2.2) subsequeutly, it

follows that

that is, the sequence :c,(f) is periodic with period 6.

Remark 3. The fact that every positive solution of equation (1.1) is
periodic with period two can be considered as the case £ = 1 in Theorem 1,

that is, we can take that 1;%1) == Lif) = ... = a:ﬁ{“), for all n € N.

Similarly to Theorem 1, using Lemma 2 with a; = —-2[+1,1=0,1,...,k—
1, the following theorem can be proved.

Theorem 2. Consider equation (1.3), where k > 1. Then the following
statements are true.

(a) If k # 0(mod 2}, then every positive solution of equation (1.3) is
periodic with period 2k.

(b) If & = 0(mod2), then every positive solution of equation (1.3) is
periodic with period k.

Proof. First note that the system is cyclic. Hence it is enough to prove
that the sequence (:L'},,l)) satisfies conditions (a) and (b) in the corresponding
cases.

Indeed, similarly to (2.2), we have

(D —L- = g1 (2.5)

(a) Let b, L =0,1,...,k — 1, are the rests mentioned in Remark 1. Then
from (2.5) and Lemma 1 we obtain that

!

! k—1 k-3 ~2k+3 ~2k-+1
xi(rH)-l = 551(@—1 ) = """5:,*3) == $£L+1—2()k—1) = $£L+1—2k)' (2.6)

Using (2.1) for sufficently large s, we obtain that (2.6) is equivalent to {here
we use the condition GCD(k,2) = 1)

, _ ) o (be-a) — D
Tnp1 =T =Tp 3= =L ak-1) = Lnt1-2k"
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From this and since by Lemma 1 the numbers 1,8y, by, ..., by_; are piecewise
different, the result follows in this case.
(b) Let k = 2s, for some s € N. By (2.1) we have

(1 (k-1 (k=3) _ (1)

Tnt1 = Tpy = Tpg’ = - = Lrt1-2s-
which yields the result. L]

Example 1. Let £ = 3. Then the solution of equation (1.2) with the
initial conditions zg = p, Yo = ¢q and zy = r, in its invertal of periodicity can
be represented by the following table:

111121345678/ 9(10]11] 12

s LT[ Llp T [Tl L e

1 T 1 1 I T

yz}'p%75(JFpaTIjq

1
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