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Abstract

In this paper, the concept of exponentially p-convex stochastic process is introduced. Several
new inequalities of Hermite-Hadamard type for exponentially p-convex stochastic process are
established. Some special cases are given which are obtained from our main results. The results
obtained in this work are the generalizations of the known results.
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1. INTRODUCTION

Stochastic process is a research area in probability
theory dealing with probabilistic models that
develop over time. It is seen as a branch of
mathematics, because it starts with the axioms of
probability and gives rise to remarkable results
about those axioms. Even though those results are
applicable to many areas, at first they are best
understood with regard to their mathematical
structures.

Stochastic convexity is of great importance in
statistics and probability, also in optimization,
because it provides numerical approximations
when there exist probabilistic quantities.

In 1980, Nikodem [8] defined convex stochastic
processes and investigated their properties. In
1988, Shaked et al. [13] defined stochastic
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convexity and gave its applications. In 1992,
Skowronski [14] introduced some new types of
convex stochastic processes and obtained some
further results on these processes. In 2012, Kotrys
[3] extended classical Hermite-Hadamard
inequality to convex stochastic processes.

In recent years, there have been many studies on
the above mentioned processes. For recent
generalizations and improvements on convex
stochastic processes, please refer to [2]-[6],
[91-[12], [15], [16].

2. PRELIMINARIES

Suppose (£,&,P) be a probability space and
X:Q - R be a function. If the function X is
¢ —measurable it is called a random variable.
Suppose I € R be an interval. A function
X:1 x Q - Ris called a stochastic process, if the
function X (s,-) is a random variable for all s € I.
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Let P —lim and E[X(s,-)] denote the limit in
probability and the expectation value of random
variable X(t,"), respectively. Then, a stochastic
process X:1 X 0 = R has

(1) continuty in probability in I, if for every
Sg €1

P — limX(s,”) = X(sp,").
s—So
(2) mean-square continuty in I, if for all sy € [
: 2] _
Sll_gloE [(X(s,-) — X(so,-)) ] =0.

(3) mean-square differentiability at a point s € [
if there exists a random variable X'(s,"):1 x Q@ - R
such that

X(s,)) — X(sp,
X'(s,,) =P — lim (s) (So ).
5-5¢ §— Sy

Note that if the stochastic process X:I X Q - R
has mean-square continuty, then it has continuty
in probability, but the converse is not true.

Let X:1 X — R be a stochastic process with
E [(X(s,-))z] < oo and for all s € 1. Let c =55 <

s1 < 53 <...< s, = d be a partition of [c, d], if the
identity

lim E [(X(6,)(s; = 57-1) = ¥)"| = 0

n—oo

holds for all normal sequences of partitions of
[c,d] and for all ©; € [si_y,s;], k=12,...,n
Then, we can write

d
Y() =f X(t,)dt (almosteverywhere)
[

The assumption of the mean-square continuity of
the stochastic process X is enough for the mean-
square integral to exist.

Definition 2.1. [8] The stochastic process
X:Ix 2 - R is said to be convex if for all
0 € [0,1] and ¢, d € I the inequality

X(Oc+ (1 —6)d,) < 6X(c,) + (1—0)X(d,) (1)
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is satisfied almost everywhere. If the inequality
(1) is assumed only for 4 = %, then the stochastic

. 1
process X is called Jensen-convex or > - convex.

Theorem 2.2. [3] Let X: I X 2 —» R be a Jensen-
convex stochastic process and mean-square
continuous in I. Then for every ¢,d € I, ¢ < d, the
inequality

c+d 1 ¢ X(c,)+X(d,)
X( . ) < mfc X(s)ds < =22 @)

is satisfied almost everywhere.

Definition 2.3. [9] The stochastic process
X:I1 X2 - R is called a p-convex stochastic
process if the inequality

X ([ecv +(1- e)dp]%,) < 0X(c,) + (1 — 0)X(d,")

holds almost everywhere for all ¢,d € I c (0, ),
6 € [0,1] and p € R\{0}.

Theorem 2.4. [9] Let X:1 c (0,0) X 2 - Rbe
a p-convex stochastic process and mean-square
integrable on [c,d] where ¢,d € I and ¢ < d. Then

1
P Pip a . . .
5 [c +d ]p'. < p J‘ X(s,)dsSX(c,)+X(d,)
2 dP —cp ), sip 2

3)

Lemma 2.5.[9] Let X:1 c (0,0) X2 > Rbea
mean-square differentiable stochastic process on
I° (the interior of I) and c¢,d €I, ¢ <d and
p € R\{0}. If X' is mean-square integrable on
[c,d], then the following equality holds almost
everywhere:

X(c,)+X(d,) % de(s,-)
— ds
2 dr —cp ), si-p
_dP =P fl 1-26
-— —~
P Jo 1ger + (1 - 6)ar]* >

1
X X' ([Ocp +(1- e)dv]ﬁ,-) de.

Definition 2.6. [7] A function f:I c (0,00) - R
is called exponentially p-convex if the inequality
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f ([zup +(1- A)vp]%) B VACPEPWAC)

eau eav

holds for all u,vel, p e R\{0}, 1€[0,1] and
a € R.

Now we recall the following special functions

(see [1]).
The beta function is defined as:

1
Bx,y) = f 11 -2)Y"1dA, x>0,y > 0.
0
The hypergeometric function is as follows:

2Fi(a,b;c; z)
1 1
- R f 2P71(1 = )60 (—z2)%dA
) 0

forc>b>0,|z| < 1.

3. MAIN RESULTS

In this section we introduce a new concept, which
is called exponentially p-convex stochastic
process. We establish new Hermite-Hadamard
type inequalities for exponentially p-convex
stochastic process. We also give some special
cases obtained from our main results.

Definition 3.1. The stochastic process
X:1 X 2 - Ris called exponentially p-convex, if

the following inequality holds almost
everywhere:
1
X ([ch +(1- B)dp]v,-)
X(Cv') X(d,)
<O—+(1-0)— (4)

for all ¢c,d €I c (0,»), 6 € [0,1], p € R\{0} and
a € R. If the inequality (4) is reversed, then the
process X is called exponentially p-concave.

It can be easily seen that, an exponentially
p-convex stochastic process reduces to p-convex
and convex stochastic processes for @ = 0 and
(a,p) = (0,1), respectively.
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Theorem 3.2. Let X:/ c (0,0) > R be an
exponentially p-convex stochastic process. Let
¢,d € I with ¢ < d. If X is mean-square integrable

n [c,d], then for p € R\{0} and « € R, we have
almost everywhere

1
cP +dP1p p 4 X(s,)
X([ 2 ] '.> = dpr — cl’fc sl-peas ds

X(c,) X(d,)
< A,(0) Sac +Az(9)67 (5)

where

1 6do
Al(e) = f 1

0 ca(8cP+(1-6)apr)p

1 (1-6)do
a@ = [

T
0 pa(AcP+(1-6)dr)p

Proof. From exponential p-convexity of the
stochastic process X, we have

1
sP + tP1p X(s)  X(t)
2X<[ 2 ] ')S eas + eat ’

Let s? = 0c? + (1 —0)d? and t? = (1 — 6)cP + AdP.
So, we get

P + PP X ([ecv +(1- 9)d7’]%,->
X<[ | ) .

2 1
ea(@cp+(1—0)dp)?’

1

X <[(1 —6)cP + edp]z?,->

+ —
ea((l—@)cp+9dp)5

Integrating with respect to 6 € [0,1] and applying
the change of variable method, we have

1
cP +dP1p p a X(s,)
X([ 5 ] ")de—cvfc Tow S (6)

Thus, the left-hand side of the inequality (5) is
established. For the right-hand side of the
inequality (5), again utilizing the exponential
p-convexity of the stochastic process X, we have
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%) | (1 ) X(d)

ea(ecv+(1—e)dp)5

X ([ecp +(1- e)dp]%,.) X(d )

1
ea(0cP+(1-6)dP)P

Integrating with respect to 8 on [0,1], we have

X(c,) (1! 0do
ds < eac f 1
0 ea(GcP+(1—9)d?’)P

X, 1-0)de
()f (1-6) e

ea(G cP+(1— O)dP)P

P (% X))
dpr —cP J, slPeas

A combination of inequalities (6) and (7) gives
inequality (5).

Remark 3.3. Choosing « = 0 in Theorem 3.2, we
get inequality (3) in Theorem 2.4.

Remark 3.4. By taking (a,p) =(0,1) in
Theorem 3.2, we attain inequality (2) in Theorem
2.2

Theorem 3.5. Let X:] c (0,0) X2 > R be a
differentiable stochastic process on I° and X' be
mean-square integrable on [c,d]. If |X'|? is
exponentially p-convex stochastic process on
[c,d] forq =1,c,d €I°,c <dandp € R\{0},
then the following inequality holds almost
everywhere

‘X(C") + X(d,) _ p de(S,')

2 ar —cp ), stp ds‘

1

< dp - Cp 1_% B X’(CI.) 1 X,(d;) 1 E
= 2p 1 2| pac 3| ead ’
where
1,
B, = By( d.)_l(cp+d1’)p
1~ 1 C’ ’p - 4 2

1 cP—d? 1 dP—cP
2F1 1_5'2,3,C‘p+—dp +2F1 1_5,2‘3,C‘p+—dp )

1
1 (cp + d”)?l

B, = B,(c,d;
2 2( p) = 24 2
1 cP—dP 1 _dP—c?
2F1 1_5'2,4,6‘7’4-—(177 +62F1 1_5,2‘3,6‘7’4-—(17’

v (1-1 248 =
21 p’ P +dP
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and
B3 = B3(C, d;p) = Bl - Bz.

Proof. From Lemma 2.5 and using power-mean
integral inequality, we have

X(c)+Xx(d,) p de(s,-) p
2 ar—cr) stv ®
:dp—cp 1 1-260
2p

X' ([907’ (- e)dp]%,) do

0 1-L
[6cP+(1-6)aP] P
dr —cP (1

S J

2p 0

x |X’ ([ch +(1- e)dp]%,-)‘ do

1-26

[6c? + (1 —0)dr]" P

1
1-=
q

dP —c? [ (? |1 — 26|
(| ”
P\ [gcP + (1 - 60)dr]" P

1 q %
X' ([ecv +(1- 9)dv]5,-)| d0> .

1 11— 26|
x f —

0 [BcP + (1 —0)dr]' P

Since |X'|? is exponentially p-convex stochastic
process on [c, d], we have almost everywhere

X(Cl') + X(di') p JdX(S:')
- ds
2 dv —cp J, si-p
1
dP —c? [ (?t |1 — 26|
<= j _do
P\ [gcP + (1 —0)dr]" P
1
1|1—20|[9X(§C) +(1-0) ‘
X f do
0 [6cP + (1 — B)dP] _5
1
dP —c? 1-z[ |X(c,)|? X(d,)|"]
= 2p 1 2 eac 3 ead '
where
1 11— 26|
f 7d0 = B,(c,d; p),
[GuP + (1 — 0)vP]' P
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1 |1—20]6
f 1_ld9 = B,(c,d;p),
O [6cP + (1 —0)dr] P

1 |1-20|1(1-96)
f I d6 = B,(c,d;p) — B,(c,d;p).
O [Oc? + (1—06)dr] P

Thus, the proof is completed.

Remark 3.6. If we choose ¢ = 0 in Theorem 3.5,
we attain Theorem 4 in [9].

Remark 3.7. By choosing (a,p)=(0,1) in
Theorem 3.5, we attain Theorem 5 in [9].

Corollary 3.8. Under the conditions of Theorem
3.5, if we take g = 1, then

X(c)+X(,) p de(s,-)
— ds
2 dr —cp ), si-p
dP —cP X'(c,”) X'(d)
< 2 [Bz Sac + B3 ad (a.e.),

where B, and B3 are given in Theorem 3.5.

Remark 3.9. If « = 0 in Corollary 3.8, we attain
Corollary 4 in [9].

Remark 3.10. By letting (a,p) =(0,1) in
Corollary 3.8, we attain Theorem 5 in [9].

Theorem 3.11. Let X:] c (0,0) X2 > Rbea
differentiable stochastic process on I°and X' be
mean-square integrable on [c,d]. If |X'|9 is
exponentially p-convex stochastic process on
[c,d] for q,r > 1, %+%= 1, then the following

inequality holds almost everywhere

X(c)+X(,) p de(s,-)
— ds
2 dr —cp ), si-p

1

7q
] )

q X’(d,)

ead

1
dP —cP /s 1 \r X'(c,”)
S (Y e v
p r+1 |e

where

B, = B,(c,d;p; q)

1 q d\P
WzFl q—;.1;3;1—<z) ) p <0,

1 q c\P
W2F1<q—5.2;3;1—(5) ) p>0,
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Bs = Bs(c,d;p; q)

(1

| g, 4. d\?
_chqp_q 2F1 q_5,2,3,1_(z) ) p<0,
- 1 C\P
| _q a0 (C
\2amw—a 21 (q p b3 @ )

Proof. Using Lemma 2.5, Holder’s integral
inequality and exponential p-convexity of the
stochastic process |X'|? on [c, d], we have almost
everywhere

p > 0.

‘X(C,‘) + X(d,) _ p de(S,')

2 dp — cP si-p

dP —cP [ 1
< (f [1-— 29|rd9>
2p 0

1 q a
X' ([ecv +(1- e)dv]i,-)‘ d0>

ds’

1
r

x f ' !
° [P + (1— e)dv]q(l‘%)

X'(c,)|? X'(d)|?
dP — cP 1 % 0 e(ac) +(1_9)|% o
<
- 2p (r + 1) q(l_l)
[Bc? + (1 —B)dP]"\ »

1

1 1
dP—cP/ 1 N[ |X'(c)]|* X'(d)|"4
S ( ) B4- 5 )
2p \r+1/ | exc ead
where
1 0
B4, =f 1 d@
0 [OcP + (1 - e)dv]q(l‘i)

1 q d\P
WZFl q—5.1;3;1—(2) ) p <0,

1 q c\P
2dar—a ZFl(q_;:2;3;1_(E) ) p>0,
_ 1 1-6
b [ gy
O [6cP + (1—6)ar]"\ P

p <0,

I{ 1 q . . d\?
_ 2w 2B a-5231-() )
B 1 c\P

| _T 3.4 (5

\2davr-a 2F1 (q p’1’3’1 (d) )’

Remark 3.12. If we take &« = 0 in Theorem 3.11,
we attain Theorem 6 in [9].

p > 0.
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Theorem 3.13. Let X:1 c (0,0) X2 > Rbea
differentiable stochastic process on I° and X' be
mean-square integrable on [c,d]. If |X'|9 is
exponentially p-convex stochastic process on
[c,d] for q,r > 1, $+% =1, then

X(c)+Xx(d,) % de(s,-)
— ds
2 dr —cp ), si=p
1
X'(c)|* | 1X'(d)]"\1

dP — cP 1 1 eac + ead
o) |
2p e \g+1 2

where

Q|

Bs = Bg(c,d; p; 1)

Proof. From Lemma 2.5, using Holder’s integral
inequality and exponential p-convexity of the
stochastic process |X'|? on [c, d], we have almost
everywhere

’X(C,') + X(dv) _ P de(S,‘)

2 dr — cp si-p

d?’—cl"f1
- 2p 0

ds‘

1-26

X ([oer + 1 - e)dv]%,) )
[6cP + (1 - 6)dr]' P

<dp_cp<f1 ! d9>r
— o ger 4 (1 - 9yary (D)
1

x (fl 11— 20]7 |X’ ([ecv (- e)dp]%,-)‘q dB)q
0

1
X'(c)|" | |X'(d))"\1

dP—cP 1, 1 2 ac pad
< 5 (—) ,
2p e \g+1 2

where

Q|
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1 1
BG = f 1 d@
0 [8cP + (1— e)dp]r(l‘i)

(L F(r—f 1-2-1—(E)p> <0
=420Tp—r 241 p: )~y c ) p )

| 1 r c\P

kW 2F1<T—5,1;2;1—(E) ), p>0,

and

1 1
f 9|1—29|qd9=f (1-06)|1—26|9d6
0 0

1
T 2(g+D)

Remark 3.14. If we take « = 0 in Theorem 3.13,
we attain Theorem 7 in [9].

REFERENCES

[1] M. Abramovitz and 1. A. Stegun,
“Handbook of Mathematical Functions with

Formulas, Graphs, and Mathematical
Tables”, Dover, New York, 1965.

[2] L. Gonzalez, N. Merentes and M. Valera-
Lopez, “Some estimates on the Hermite-
Hadamard inequality through convex and
quasi-convex stochastic =~ processes”,

Mathematica Aeterna, vol. 5, no. 5, pp.
745-767, 2015.

[3] D. Kotrys, “Hermite-Hadamard inequality
for convex  stochastic  processes”,
Aequationes Mathematicae, vol. 83, pp.
143-151, 2012.

[4] D. Kotrys, “Remarks on strongly convex
stochastic processes”, Aequationes
Mathematicae, vol. 86, pp. 91-98, 2013.

[5] L. Liand Z. Hao, “On Hermite-Hadamard
inequality  for  h-convex  stochastic

processes”, Aequationes Mathematicae,
vol. 91, pp. 909-920, 2017.

[6] S.Maden, M. Tomar and E. Set, “Hermite-
Hadamard type inequalities for s-convex
stochastic processes in first sense”, Pure
and Applied Mathematics Letters, vol.
2015, pp. 1-7, 2015.

1017



[7]

[10]

[11]

Sakarya University Journal of Science 23(5), 1012-1018, 2019

Serap Ozcan

Hermite-Hadamard Type Inequalities For Exponentially P-Convex Stochastic Processes

N. Mehreen and M. Anwar, “Hermite-
Hadamard type inequalities for
exponentially p-convex functions and
exponentially s-convex functions in the
second sense with applications”, Journal of
Inequalities and Applications, vol. 2019,
no. 92, pp. 1-17, 2019.

K. Nikodem, “On convex stochastic
processes”, Aequationes Mathematicae,
vol. 20, pp. 184-197, 1980.

N. Okur, I. Iscan and E. Yuksek Dizdar,
“Hermite-Hadamard type inequalities for p-
convex stochastic processes”, An Int. J.
Optim. and Cont., vol. 9, no. 2, pp. 148—
153, 2019.

M. Z. Sarikaya, H. Yaldiz and H. Budak,
“Some integral inequalities for convex
stochastic processes”, Acta Math. Univ.
Comenianae, LXXXV, pp. 155-164, 2016.

E. Set, M. Tomar and S. Maden, “Hermite-
Hadamard type inequalities for s-convex
stochastic processes in the second sense”,

Turkish Journal of Analysis and Number
Theory, vol. 2, no. 6, pp. 202-207, 2016.

[12]

[13]

[14]

[15]

[16]

E. Set, M. Z. Sarikaya and M. Tomar,
“Hermite-Hadamard type inequalities for
coordinates convex stochastic processes”,

Mathematica Aeterna, vol. 5, no. 2, pp.
363-382, 2015.

M. Shaked and J. G. Shanthikumar,
“Stochastic convexity and its applications”,
Advances in Applied Probability, vol. 20,
pp. 427446, 1988.

A. Skowronski, “On some properties of J-
convex stochastic processes”, Aequationes
Mathematicae, vol. 44, pp. 249-258, 1992.

M. Tomar, E. Set and S. Maden, “Hermite-
Hadamard type inequalities for log-convex

stochastic processes”, Journal of New
Theory, vol. 2, pp. 23-32, 2015.

M. Tomar, E. Set and N. O. Bekar,
“Hermite-Hadamard type inequalities for
strongly log-convex stochastic processes”,
Journal of Global Engineering Studies, vol.
1, no. 53-61, 2014.

1018



