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Abstract: In this paper, we construct the energy for the ED-frame field of the first and second kind
on an orientable hypersurface in Minkowski space. We obtain the geometric properties of some
graphics by way of energy. We apply totally diverse discussion and approach to illustrate bending
energy functional for the ED-frame field of the first and second kind. Finally, we have a new relation
for angle and energy of the curve on an orientable hypersurface in Minkowski space.
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1. Introduction

In applied mathematical physics, Minkowski spacetime can easily be imagined seeing that
collaboration among time dimension, Euclidean space into a four-dimensional manifold. This
important increased time dimension creates a vital improvement among Minkowski space and
Euclidean space. This different space framework assists us to appreciate significantly a few
numerical and physical trends. Many mathematical researches have been studied in convex geometry,
applied geometry, analysis, the geometry of numbers, and lately theoretical pc technology,
optimization, combinatorics, [1-7].

Among the initial strategy on elastica produces legendary results on balance of experiences
which comprises the fundamental theory of statics. Additionally, it is viewed that elastica offers a
pure solution for the variational issue which offers by the minimizing of bending energy source of
the elastic curve. Afterward, the equivalence between the motions of the basic pendulum and
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important differential formula of elastica was researched. Lately, statistical calculation applied upon
the elastica utilized to develop mathematical spline principles.

Related principles designed for energy in curvature centered energy is regarded to be at its first
phases in development. A few of the legendary fields and landmark research for this theory may be
discovered in mathematical physics, membrane chemistry, computer-aided geometric design and
geometric modeling, shell engineering, biology and thin plate [8,9] Also, this topic is commonly
studied with some solutions [10-19].

We organize the manuscript by starting to state fundamental definitions and propositions for
ED-frame fields and energy. Then, we recall the interpretation of the geometrical meaning of the
energy for unit vector fields. Based on these relations we compute the energy of curves defined on an
orientable hypersurface in E* Finally, we give examples about the particle's energy for different cases
by computing their value and drawing their graph.

2. Materials and method

Minkowski space E; refers to four dimensional Euclidean space with the new Lorentzian
metric described as

(p, U> =—pYy +Zpiui 234

where p,ueR*. For an arbitrary curve o:1 cR—E;, acE/ is named lightlike, timelike or
spacelike  curve if velocity vector of the curve satisfies <a' (t)a (t)>:0,
(o/(t). o (t)) <0, (o (t) & (t))>0 for each tel, respectively, [20]. Also, @ is named unit speed
curve if Ha' (t)” =1. In this study we only consider non-lightlike unit speed curves and use a pseudo
orthonormal frame {t,n,b,,b,} Which is attained by Lorentzian rotation on Frenet frame.

t = gkpn

n = —gkt+ &, ko,

b, = —gkn-ge,ée,kb,
b, = - &y Kay,

where
& =(tthe, =(nn)g, =(b.b,).s, =(b,.b,)

Let M be an orientable hypersurface oriented by unit normal vector field N in Minkowski
space and S be aregular curve on M . putting

T(s) = £ (s),N(s) = N(B(9))-
Therefore, we obtain the differential equations of ED-frame fields [21]:

Case 1:
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VT = &irE+exN,
V:E = -gx T+ex D+erN,
VD = —gxE+eN,
VN = —gx,T-gr,E-e7,D.
Case 2:
VT = ¢gxN,
V:E = &x,D+ezN,
VD = -ex,E,
ViN = -&gKx,T-¢&7,E,
where

& =(T,T),&=(E,E),&;=(D,D),&, =(N,N).

3. Energy with Sasaki metric

For two Riemannian manifolds (M,p) and (N,ﬁ) the energy of a differentiable map
f:(M,p)—> (N , ﬁ) can be defined as

energy(f)=

N |-

J (et e.) e,
where {ea} is a local basis of the tangent space and v is the canonical volume formin M [22,23].

Let Q :T(TlM )—)TlM be the connection map. Then following two conditions hold:

i) woQ=wodw and w-Q=wowm, Where E):T(TlM)—>T1M is the tangent bundle projection;
ii)for pe TM andasection £:M —T'M ; we have

Q(dé(p)) = Vpg’
where V isthe Levi-Civita covariant derivative [22].

Also, for ¢,,¢, eT.(T*M ), we define

ps(1.5,) = pldals, ), dals, )+ p(Q(, ). Qls,))

This yields a Riemannian metric on TM : As we know p; is called the Sasaki metric that also
makes the projection @: T'M — M a Riemannian submersion.

4. Energy of ED-frame fields

Firstly, Euler elastica is known as
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1
He = Iﬂ|VTT|ds.

a Case 1:
Theorem 1. Energy of ED-frame field of first kind with Sasaki metric are given by

energy(T) = % Iﬂ(1+ &, +&,K2)ds,
energy(E) = % Iﬂ(1+ ek + &Kk, +&,72)ds,
energy(D) = %Iﬁ(1+ £,k +&,7.)0s,
energy(N) = %fﬂ(u ek +&,70 + 8,7, )0s.

Putting
X=nT+r,E+7,D+7x,N.
From ED-frame field of first kind, we obtain
VX = (m - ek 7y — ek, 7m,) T+ (7, — €,K, 705 + €,716 ) — €,7, 7, )E
+ (73— &37, Ty + 6K, 70,)D+ (7, + £,7 703 + £,k + &,7,7,)N.
Theorem 2. Energy of field X with ED-frame field of first kind is presented
energy(X) = %Iﬂ(gl + &, () — ek 7T, — £k, T0,)" + 6, (T, — £,K, 7Ty + £,k — €,7,7,)°
+ 83 (7y — E70,Ty + 6K, 70,)" +&,(7, + £,T 7y + £,70,K, + £,T,7,)° )0,
Proof. Since T isa section, we also get
d(w)od(ef) = d(woe(y) =d(id.) =id.
Then, it is easy to see that
QT(X)) =V, X.
Since
QX)) = (7 —ekym, — ek, 7)) T+ (7, — &,k 75 + £, — £,7, 7, )E
+ (75— £, Ty + &K, 7,) D+ (7, + E,Ty T3 + &,1K, +&,7,7,)N.
Thus, we find
ps(dT(X),dT(X)) = p(T, T)+p(V1X,V,X)
= g+ (n - ek, — 6K, 70,)" +6,(7, — 6,K 7Ty + £,70K, — £,T,7,)°

' ~ ~ 2 : ~ 2
+&3(my — 37, Ty + &3k, 7,)" + &, (7 + 8T 7Ty + £, K, +E,T,TT,)

From the above equation, we have theorem.
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From elastica we easily have

ng

energy(T)-H, = >

Using above equation we easily have following condition.
Theorem 3. X have fixed energy iff

6, (70, — 6,K Tty + 6,700, — £,T,70,) — 6,K4 (T — E70,Ty + 8K, 70,) — 6,74 (7, + £,T 4 70
+ETTK, + E,T Ty) + €K, (71, — £k 0y — 6,70, )70y — £,K Ty + £,70K, — £,T70,)
+&,((my — ek 70, — 66,70, — 6, (T4 + E,T Ty + E,70K, + 6,7, 70,) — EK (7T, — £,K4 7T
+ 6,7y — E,T 7)) (70, — £ T, — €6, 70,) + 63((70y — £470,T + 65K, 70,) — 657 (7,
+ET Ty + EGTTK, + E,T 7y) + €K (TTy — £,K T3 + £, — £,T 370, )73 — E570,T + E5K,7T,)
+8, (70, + E,T Ty + E, 70K, + E,TyT,) + €47 () — €K, 705+ E,7T Ky — 6,7, 7,) + €,T, (7,

— &7, Ty + &K TT,) + £k, () — E1K Ty — K, )T, + £,T 75 + €K, + €,7,7,) = 0.

Proof. Firstly, we have

VIX = ((m -k 7, — 6k,70,) — K, (T, + E,T Ty + E,7TK, + £,T47,)
— i (70, — £,K 7y + £,700, — E,7, 0,V T + (7, — 6,6, 705 + &,k ) — 6,7, 70,)
— &K (T3 — 6470, Ty + EK 70,) — €,7 (T, + E,T Ty + E,TTK, + £,T,70,) + €,k (7
— &K Ty — &K T, E + (713 — 6370,T + 64K, 7,) — 65T, (T, + 6,7, 70, + £,71.K,
+ 8,7 7,) + €K, () — £,K, 70y + £,711K — €,7,7,)) D+ (7, + £,7 75 + £,711K,

+ 8,74 T,) +E,Ty (T — 6K, T3 + 6,7 Ky — £,T,70,) + £,T, (73 — 57,7

+ &K, 7,) + £k, (7, — &,k 7T, — £, 70,))N.

With the help of the obtained equation, we express theorem.

Theorem 4. By ED-frame field of first kind, angle of Frenet vectors can be given

1
2(s,

>
-
1]

[l(epe? + ey
1
AE) = IO‘(glKS +E K+ 8415)‘5 ds,
1
AD) = [(&K] +&,7])%ds,

1
A(N) = J‘;(gllcﬁ +&,70 +£,77) 7 ds.

Theorem 5. Generalization angle of any field X is given by
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S ' ' ~
A(X) = IO (e,(my, — ey 7wy — € 70,)" + 6, () — €K, 705 + £,701K ) — €,7,7,)°
1

: - ~ : ~ 2\2
+e3(my — 83, Ty + 85K, ;)" + &, (7, + E,T s + €47k, + £,7,7,)7)? dS.

Theorem 6. If pseudo angle of each of Frenet vectors given above are fixed, then we have following
relation:

, 2 ' ~ 2
& (m — ek, my — ek, 7,) +&,(m, — &K, + &,k — €,T,7,)
' ~ ~ 2 ' ~ 2-0
+&5(7my — 837, Ty + £k 7)) +8,(Ty + 8T s+ E K, +E,T,7,) =

a Case 2:
Theorem 7. Energy of ED-frame field of second kind with Sasaki metric are given by

energy(T) = % J.ﬁ(gl+g4zcn2)ds,
energy(E) = % '[ﬂ(gl+e3z?§+g4r§)ds,
energy(D) = %Iﬁ(81+82E:)dS,
energy(N) = %jﬂ(gl+glxn2+gzrg2)ds.

Putting

X=oT+o,E+w,D+w,N.

Theorem 8. Generalization energy of any field X is given by

1 - . -
gnergy(X) = Ejﬂ(51 +&(m, - 51an4)2 +&,(m, — &K Wy _nggw4)2

+&3(@y + 6,K,@,)° + ,(@, + €,k,@, + £,7,3,)°)ds.

Proof. From ED-frame field of second kind, we have

X = (&,-exo,)T+(@,-¢,k,0,—&,7,0,)E
+(@, + &,K,@,)D+ (@, +&,x,@, + &,7,@,)N

and

X = ((wl — &K, T,) — &K, (w;l + &K@, + 54Tgw2))T + ((wz - 52ng3 - 52%”4)
— &,k (@, + 6,K,0,) — 6,7, (@, + &,k,0, + £,7,@,))E + (@, + £;,K,,)
+ &4, (@, - £,K,@;—&,T,@,))D+ (@, + ., + £,T,@,)

te,1,(@, —&,K,@, - &,7,@,) +&,(@, — &Kx,m,)K,)N.
Thus, we have theorem.
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Theorem 9. X have fixed energy with ED-frame field of second kind iff

‘91((wi —&K,0,) — &K, (wll + &K, + 84Tgw2))(wi —&K,@,)+ &, ((wz
— 6,K @y — &,T,,) — &K, (@, + £,K,0,) — 6,7, (@, + £,K,0, + £,7,0,))(@,
— &K, @y — £,1,@,) + & (@, + &,K,@,) + &k (@, — &,K @, — £,7,,)) (@,
+E,K,,) + &, (@, +&,x,@, + E4T,T,) + &,T, (@, - £,K,@,

—&,1,@,) + (@, - ex,@,)K, )@, + £ k@, + £,7,@,) = 0.

Theorem 10. Angle of Frenet vectors can be respectively given by

AT) = [(ex,)ds,
AE) = j:(ggfz;wﬂ;);ds,
A(D) = Ios(gzz?g)ds,

1

A(N) = .fo (g2 +82T§)5ds.
Theorem 11. Generalization angle of any field X is given by
AlX) = Io (@, — &15,@,)" + &, (@, — 6,5, _82T9w4)2
1

t+ &3(@y + 8,,,)" + 6,(@, + £,K,@, + £,7,0,)7)? ds.

Theorem 12. If angle of each of Frenet vectors are fixed, then we have
! 2 ! ~ 2
& (@, —ex,@,)" +&,(@, - &K W3 — nggw4)

+&(@, + 6K,@,)° +&,(@, + 6,50, + £,7,@,)* =0,
5. Application

Let M be an orientable hypersurface oriented by the unit normal vector field N in E;. If 3
is timelike helix in E; , then we have following applications with angle and energy (Figures 1-5).

Fig. 1. Plots of energy with ED-frame field of first kind

AIMS Mathematics \Volume 5, Issue 2, 1025-1034.
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Figure 1. Plots of energy with ED-fame field of first kind.

Fig. 2. Plots of angle with ED-frame field of first kind

Figure 2. Plots of angle with ED-frame field of first kind.

Fig. 3. Plots of energy with X, ED-frame field of first kind

Figure 3. Plots of angle with X, ED-frame field of first kind.
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Fig. 4. Plots of energy with ED-frame field of second kind

Figure 4. Plots of energy with ED-frame field of second bind.
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Fig. 5. Plots of angle with ED-frame field of second kind

Figure 5. Plots of angle with ED-frame field of second bind.
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