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1. Introduction

Additivity, subadditivity and superadditivity plays an important role both in measure theory and
in different fields of mathematics. Especially, the subadditive principle is a powerful and effective
approach for solving numerous problems that arises not only in pure and applied mathematics but
also in mathematical physics and other applied sciences. Subadditivity occurs in the thermodynamic
chatacteristics of non-ideal solutions and blends like the excess molar volume and heat of mixing or
excess enthalpy. An other interesting aspect of subadditivity is its close relationship with inequalities.
Inequalities and subadditive functions can be seen in electrical network, ergodic theory and dynamic
systems, quantum relative entropy, perturbations of repulsive and equilibrium theory, see, for example
[2, 6, 12, 18, 19]. Here, we mention the results of [3, 5, 10, 17] and the references therein.

Definition 1.1. A function f : [0,∞) ⊂ R→ R is said to be subadditive if for every x, y ∈ [0,∞) ,

f (x + y) ≤ f (x) + f (y) .

If equality holds, f is called additive. If the inequality reversed, f is called superadditive.

Definition 1.2. A real valued function f is convex on the positive real line [0,∞) , if

f (tx + (1 − t) y) ≤ t f (x) + (1 − t) f (y)
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holds for all x, y ∈ [0,∞) and t ∈ [0, 1].

Remark 1.3. If f is convex and subadditive on [0,∞) and if f (0) = 0, then f is additive on [0,∞) .

Definition 1.4. [23] The function f : [0, b] → R, b > 0 is said to be starshaped if we have f (tx) ≤
t f (x) for all x ∈ [0, b] and t ∈ [0, 1] .

Remark 1.5. If a subadditive function f : A ⊂ [0,∞) → R is also starshaped, then f is a convex
function.

The concept of convexity is one of the most important research area in many branches of pure and
applied mathematics. It has a key role in many fields of applications, especially in optimization theory
and the theory of inequalities. A useful inequality for convex functions is given as follows:
Let f is a convex function on the interval I = [u, v] of real numbers with u < v, then

f
(u + v

2

)
≤

1
v − u

∫ v

u
f (x) dx ≤

f (u) + f (v)
2

, u, v ∈ I. (1.1)

This double inequality is well known in the literature as Hermite-Hadamard integral inequality for
convex functions (see, e.g., [4, 15]). Recently, Hermite-Hadamard integral inequality for convex
functions has received renewed attention by many researchers and as gradually a remarkable of
generalizations, extensions and refinements in various directions have been found,
see [1, 7–9, 11, 13, 14, 16, 20–22] and the references included there.

2. Main results

In this section, first we give definition of exponential subadditive functions. Then, we establish
Hermite-Hadamard type integral inequalities and related inequalities for exponentially subadditive
functions.

Definition 2.1. Let α ∈ R. A function f : I ⊂ [0,∞) → R is said to be exponentially subadditive
function, if

f (x + y) ≤
f (x)
eαx +

f (y)
eαy

for all x, y ∈ I .

Proposition 2.2. Let I ⊂ [0,∞) be a real interval and f : I → R is a function, then;

1. If α ≥ 0 and f is an exponentially subadditive function, then f is a subadditive function.
2. If α ≤ 0 and f is a subadditive function, then f is an exponentially subadditive function.

Proof. 1. For α ≥ 0, we have eαx≥ 1, x ∈ [0,∞) . If f is an exponentially subadditive function, then

f (x + y) ≤
f (x)
eαx +

f (y)
eαy ≤ f (x) + f (y)

for all x, y ∈ [0,∞) . So, f is a subadditive function.
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2. For α ≤ 0, we have eαx≤ 1, x ∈ [0,∞) . If f is a subadditive function, then

f (x + y) ≤ f (x) + f (y) ≤
f (x)
eαx +

f (y)
eαy ,

for all x, y ∈ [0,∞) . So, f is an exponentially subadditive function.
�

Remark 2.3. For α = 0, the definition of exponential subadditive function reduces to the definition of
subadditive function.

Example 2.4. Let α ≥ 1 and f : [1,∞)→ R, f (x) = c for c < 0, then f is an exponentially subadditive
function. For every x, y ≥ 1, eα(x+y) ≥ eαx + eαy. So, one has ceα(x+y) ≤ c (eαx + eαy) . Thus,

f (x + y) = c ≤ c
(
eαx + eαy

eα(x+y)

)
= c

(
1

eαx +
1

eαy

)
=

f (x)
eαx +

f (y)
eαy .

Example 2.5. Let α < 0 and f (x) =
√

x for x ∈ [0,∞) . For every x, y ≥ 0, we have

f (x + y) =
√

x + y ≤
√

x +
√

y = f (x) + f (y) .

So, f is a subadditive function. From Proposition 2.2, f is also an exponentially subadditive function.

Theorem 2.6. Let f : [u, v] ⊂ [0,∞)→ R be a continuous exponentially subadditive function, then

1
2

f (u + v) ≤
1

v − u

∫ v

u

f (x)
eαx dx ≤

1
u

∫ u

0

f (x)
e2αx dx +

1
v

∫ v

0

f (x)
e2αx dx.

Proof. Let x ∈ [u, v] and x = tu + (1 − t) v (or x = (1 − t) u + tv) for t ∈ [0, 1] . By using exponential
subadditivity of the function f , we have

f (tu + (1 − t) v) ≤
f (tu)
eαtu +

f ((1 − t) v)
eα(1−t)v (2.1)

and
f ((1 − t) u + tv) ≤

f ((1 − t) u)
eα(1−t)u +

f (tv)
eαtv . (2.2)

Adding (2.1) and (2.2), and by using the fact that f is an exponentially subadditive function, we have

f (u + v) = f (tu + (1 − t) v + (1 − t) u + tv)

≤
f (tu + (1 − t) v)

eα(tu+(1−t)v) +
f ((1 − t) u + tv)

eα((1−t)u+tv) (2.3)

≤
f (tu)

eα(2tu+(1−t)v) +
f ((1 − t) v)
eα(tu+2(1−t)v) +

f ((1 − t) u)
eα(2(1−t)u+tv) +

f (tv)
eα((1−t)u+2tv) .

Integrating both sides of (2.3) with respect to t on [0, 1] , it follows that

f (u + v) ≤
∫ 1

0

f (tu + (1 − t) v)
eα(tu+(1−t)v) dt +

∫ 1

0

f ((1 − t) u + tv)
eα((1−t)u+tv) dt
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≤ 2
∫ 1

0

f (tu)
eα(2tu+(1−t)v) dt + 2

∫ 1

0

f (tv)
eα((1−t)u+2tv) dt.

By using the change of variable technique, we obtain that

1
2

f (u + v) ≤
1

v − u

∫ v

u

f (x)
eαx dx ≤

1
u

∫ u

0

f (x)
e2αx dx +

1
v

∫ v

0

f (x)
e2αx dx,

which completes the proof of the theorem. �

Remark 2.7. Note that, for α = 0, Theorem 2.6 reduces to Theorem 2 in [21].

Remark 2.8. Under the conditions of Theorem 2.6, if f (tx) ≤ t f (x) and α = 0, then Theorem 2.6
becomes to Corollary 1 in [21].

Theorem 2.9. Let f , g : [u, v] ⊂ [0,∞) → R be two continuous exponentially subadditive functions,
then

2
v − u

∫ v

u

f (x) g (x)
e2αx dx

≤
2
u

∫ u

0

f (x) g (x)
e2αx dx +

2
v

∫ v

0

f (x) g (x)
e2αx dx + 2

∫ 1

0

[
f (tu) g ((1 − t) v) + f ((1 − t) v) g (tu)

eα(tu+(1−t)v)

]
dt

≤
1
u

∫ u

0

[
( f (x))2 + (g (x))2

e2αx

]
dx +

1
v

∫ v

0

[
( f (x))2 + (g (x))2

e2αx

]
dx

+2
∫ 1

0

f (tu) f ((1 − t) v) + g (tu) g ((1 − t) v)
eα(tu+(1−t)v) dt.

Proof. Since f and g are exponentially subadditive functions, we have

f (tu + (1 − t) v) ≤
f (tu)
eαtu +

f ((1 − t) v)
eα(1−t)v , (2.4)

g (tu + (1 − t) v) ≤
g (tu)
eαtu +

g ((1 − t) v)
eα(1−t)v . (2.5)

Multiplying the inequalities (2.4) and (2.5) , we get

f (tu + (1 − t) v) g (tu + (1 − t) v)

≤

(
f (tu)
eαtu +

f ((1 − t) v)
eα(1−t)v

) (
g (tu)
eαtu +

g ((1 − t) v)
eα(1−t)v

)
=

f (tu) g (tu)
e2αtu +

f (tu) g ((1 − t) v)
eα(tu+(1−t)v) +

f ((1 − t) v) g (tu)
eα(tu+(1−t)v) +

f ((1 − t) v) g ((1 − t) v)
e2α(1−t)v

≤
1
2

( f (tu)
eαtu +

f ((1 − t) v)
eα(1−t)v

)2

+

(
g (tu)
eαtu +

g ((1 − t) v)
eα(1−t)v

)2 .
Taking integral with respect to t on [0, 1] and changing the variables of integration, we get the desired
result. �
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Remark 2.10. Note that, for α = 0, Theorem 2.9 coincides with Theorem 3 in [21].

Remark 2.11. Under the conditions of Theorem 2.9, if f (tx) ≤ t f (x) and α = 0, then Theorem 2.9
reduces to Corollary 2 in [21].

Theorem 2.12. Let f , g : [u, v] ⊂ [0,∞) → R be two continuous exponentially subadditive functions,
then

1
2

f (u + v) g (u + v) (2.6)

≤
1

v − u

∫ v

u

f (x) g (x)
e2αx dx

+
1

eα(u+v)

∫ 1

0

[
f (tu) g ((1 − t) u)

eαu +
f (tv) g ((1 − t) v)

eαv +
f (tu) g (tv) + f (tv) g (tu)

eα(u+v)

]
dt.

Proof. By using exponential subadditivity of the functions f and g, we can write

f (u + v) ≤
f (tu + (1 − t) v)

eα(tu+(1−t)v) +
f ((1 − t) u + tv)

eα((1−t)u+tv) , (2.7)

g (u + v) ≤
g (tu + (1 − t) v)

eα(tu+(1−t)v) +
g ((1 − t) u + tv)

eα((1−t)u+tv) . (2.8)

Multiplying the inequalities (2.7) and (2.8), we have

f (u + v) g (u + v)

≤
f (tu + (1 − t) v) g (tu + (1 − t) v)

e2α(tu+(1−t)v) +
f ((1 − t) u + tv) g ((1 − t) u + tv)

e2α((1−t)u+tv)

+
f (tu + (1 − t) v) g ((1 − t) u + tv) + f ((1 − t) u + tv) g (tu + (1 − t) v)

eα(u+v)

≤
f (tu + (1 − t) v) g (tu + (1 − t) v)

e2α(tu+(1−t)v) +
f ((1 − t) u + tv) g ((1 − t) u + tv)

e2α((1−t)u+tv)

+
1

eα(u+v)

[ (
f (tu)
eαtu +

f ((1 − t) v)
eα(1−t)v

) (
g ((1 − t) u)

eα(1−t)u +
g (tv)
eαtv

)
+

(
f ((1 − t) u)

eα(1−t)u +
f (tv)
eαtv

) (
g (tu)
eαtu +

g ((1 − t) v)
eα(1−t)v

) ]
=

f (tu + (1 − t) v) g (tu + (1 − t) v)
e2α(tu+(1−t)v) +

f ((1 − t) u + tv) g ((1 − t) u + tv)
e2α((1−t)u+tv)

+
1

eα(u+v)

[
f (tu) g ((1 − t) u)

eαu +
f (tu) g (tv)

eαt(u+v) +
f ((1 − t) v) g ((1 − t) u)

eα(1−t)(u+v) +
f ((1 − t) v) g (tv)

eαv

+
f ((1 − t) u) g (tu)

eαu +
f ((1 − t) u) g ((1 − t) v)

eαt(u+v) +
f (tv) g (tu)
eα(1−t)(u+v) +

f (tv) g ((1 − t) v)
eαv

]
.

Integrating with respect to t on [0, 1] , we have

f (u + v) g (u + v)
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≤
2

v − u

∫ v

u

f (x) g (x)
e2αx dx

+
2

eα(u+v)

∫ 1

0

[ (
f (tu) g ((1 − t) u)

eαu +
f (tv) g ((1 − t) v)

eαv

)
+

(
f (tu) g (tv)

eα(u+v) +
f (tv) g (tu)

eα(u+v)

) ]
dt.

which gives us the required result. �

Remark 2.13. Note that, for α = 0, (2.6) coincides with (2.10) of Theorem 4 in [21].

Theorem 2.14. Let f , g : [u, v] ⊂ [0,∞) → R be two continuous exponentially subadditive functions,
then

1
v − u

∫ v

u
f (x) g (x) dx (2.9)

≤
1
u

∫ u

0

f (x) g (x)
e2αx dx +

1
v

∫ v

0

f (x) g (x)
e2αx dx +

1
2

∫ 1

0

[
f (tu) g ((1 − t) v)

eα(tu+(1−t)v) +
f (tv) g ((1 − t) u)

eα((1−t)u+tv)

]
dt.

Proof. Since f and g are exponentially subaddititive functions, we can write

f (tu + (1 − t) v) ≤
f (tu)
eαtu +

f ((1 − t) v)
eα(1−t)v ,

g (tu + (1 − t) v) ≤
g (tu)
eαtu +

g ((1 − t) v)
eα(1−t)v ,

and
f ((1 − t) u + tv) ≤

f ((1 − t) u)
eα(1−t)u +

f (tv)
eαtv ,

g ((1 − t) u + tv) ≤
g ((1 − t) u)

eα(1−t)u +
g (tv)
eαtv .

Multiplying the above inequalities, we get

f (tu + (1 − t) v) g (tu + (1 − t) v) + f ((1 − t) u + tv) g ((1 − t) u + tv)

≤
f (tu) g (tu)

e2αtu +
f (tu) g ((1 − t) v)

eα(tu+(1−t)v) +
f ((1 − t) v) g (tu)

eα(tu+(1−t)v) +
f ((1 − t) v) g ((1 − t) v)

e2α(1−t)v

+
f ((1 − t) u) g ((1 − t) u)

e2α(1−t)u +
f ((1 − t) u) g (tv)

eα((1−t)u+tv) +
f (tv) g ((1 − t) u)

eα((1−t)u+tv) +
f (tv) g (tv)

e2αtv .

Taking the integral with respect to t on [0, 1] and changing the variables of integration, we get the
desired result. �

Remark 2.15. Note that, for α = 0, (2.9) coincides with (2.11) of Theorem 4 in [21].

Remark 2.16. If one takes f (tx) ≤ t f (x) , and α = 0, the combination of Theorem 2.12 and Theorem
2.14 gives Corollary 3 in [21].

3. Conclusion

In this paper, we have introduced and studied a new class of subadditive functions, which is called
exponentially subadditive function. We have established Hermite-Hadamard type integral inequalities
and related inequalities. By selecting specific values of parameters quite interesting results can be
obtained. The idea can be extended for more diversified classes for subadditive functions.
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