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In the paper, the author introduces a new class of harmonically convex functions, which is called harmonically («, s)-convex
functions and establishes some new integral inequalities of the Hermite-Hadamard type for harmonically («, s)-convex functions.
The properties of the newly introduced class of harmonically convex functions are also investigated. Finally, some applications to

special means are given.

1. Introduction

It is well known in the literature that a function f: T C R —
R is said to be convex on interval I if

fltx+(1-0y)<tf @ +A-1)f(y) M

forall x,y € I and t € [0, 1]. If the inequality in (1) holds in
the reverse direction, f is said to be concave function.

Inequalities play a fundamental part in many branches
of pure and applied sciences. A number of studies have
shown that the theory of convex functions has a closely
relationship with the theory of inequalities. One of the most
famous inequalities for convex functions is named Hermite-
Hadamard integral inequality as follows.

Suppose f: I € R — R to be a convex function defined
on the interval I of real numbers and a, b € I witha < b; then
the double inequality

a+b 1 b f(a)+ f(b)
f( 5 )Sm'l'af(x)dxﬁf (2)

holds. If f is concave function, both inequalities in (2) are
reversed. This inequality provides necessary and sufficient
condition for a function to be convex.

In recent years, the concept of convexity has been
improved, generalized, and extended in many directions;
see [1-9]. Several new classes of convex functions have
been introduced and new versions of Hermite-Hadamard’s

inequality have been obtained. In [10], Iscan introduced
the class of harmonically convex functions and investigated
the Hermite-Hadamard type inequalities for this new class
of functions. For several recent results, generalizations,
improvements, and refinements concerning harmonically
convex functions; see [10-16]. There have been many studies
dedicated to generalizing the harmonic convex functions and
to establishing their Hermite-Hadamard type inequalities.
For some recent studies on Hermite-Hadamard type inequal-
ities, please refer to the monographs [10-12, 16-24].

The aim of this paper is to introduce the concept of
harmonically (e, s)-convex functions and to establish several
new Hermite-Hadamard type inequalities based on these new
class of functions.

2. Preliminaries

In this section, we recall some basic concepts and results of
harmonically convex functions.

Definition I ([10]). Let I c (0, 00) be a real interval. A func-
tion f : I — R is said to be harmonically convex function

if
(i

m)=ff(y)+(l—t)f(x) 3)

forallx,y € Iandt € [0, 1].


https://orcid.org/0000-0001-6496-5088
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2019/2394021

Definition 2 ([13]). A function f : I C (0,00) — R is said
to be harmonically s-convex function in second sense, where
s €(0,1],if

72

i)W @

forallx,y € Iandt € [0, 1].

Definition 3 ([15]). A function f : I ¢ (0,00) — R is said
to be harmonically s-convex function in first sense, where s €
[0, 1], if

(2

tx+(1-1t)y

)-rrm+a-50
forallx,y € Iandt € [0, 1].

Definition 4 ([12]). The function f : (0,6"] — R, b" > 0,
is said to be harmonically («, m)-convex function, where o €
[0,1] and m € (0, 1], if

my  \_((t,1=t)"
f(mtx+(l—t)y>_f(<y+mx> ) (6)
<t f(y)+m(1-1%) f(x)
forall x, y € (0,b"] and t € [0, 1].

Note that if m1 = 1 in Definition 4, we have definition of
harmonically s-convex function in first sense for « = s.

Definition 5 ([25]). A function f : I ¢ (0,00) — R is said
to be harmonically P-function if

(2

tx+(1-t)y

> =f)+f(y) (7)
forallx,y € Iandt € [0, 1].

Theorem 6 ([10]). Let I c (0,00) — R be harmonically
convex and a,b € I witha < b. If f € Lla,b], then the
following inequalities hold:

2ab ab [ f(x) fa)+ f(b)
f(a+b>sb—aL Pax< Z0TE @

Theorem 7 ([10]). Let f: I C (0,00) — R be a differentiable
functionon I', a,b € I witha < band f' € Lla,b]. If | f'|T is
harmonically convex on [a, b] for q > 1, then

f@+f®) ab r’f(x)dx
2

b-al, x?
- 9)
_a (2— a))Lll—l/q (Az 'f’ (a)|q A 'f’ (b)|q)1/q’
where
1 2 (@+b)’
Al—%—(b_a)z ln( 4ab ), (10)

Ay =

1 3a+b (a+Db)*
_b(b—a)+(b—a)3 ln( 1ab ), (11)
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and

2
1 3b+aln<(a+b) ) 12)

A3=a(b—a)+(b—a)3 4ab

Theorem 8 ([10]). Let f: I C (0,00) — R be a differentiable
function on I, a,b € I witha < b and f' € Lla,b]. If | |2
is harmonically convex on [a,b] for p,q > 1, 1/p+1/q = 1,
then

f@+f®) ab (*f(x)

‘ 2 _b—aJ.u x? dx‘

Sab(b—a)(Ly/P (13)
2 p+1

(w]f @+ m|f @),
where
a4+ b [(b-a)(1-2q) - a]
2(b-a)’*(1-q)(1-2q)

~ b - a1 [(b-a)(1-29) +b]
b T b-ar (- (1-29)

=
(14)

Definition 9 ([9]). Let f and g be two functions. If

(f-f)(gx-g(y)=0 (15)

holds for all x, y € R, then f and g are said to be similarly
ordered functions.

Definition 10 ([23]). A function f:I ¢ R — R is said to be
(a, s)-convex if

flx+Q-0y)<t*f )+ (1=t f(y) @6)
forall x,y € Iandt € (0,1) withs € [-1,1] and & € (0, 1].

In order to prove some of our main results, we need the
following lemma.

Lemma 11 ([10]). Let f: I C (0,00) — R be a differentiable
function on I° and a,b € I witha < b. If f' € L[a,b), then

f@+f®) ab rf(x)dx_ ab (b - a)

2 b-al, x? B

! 1-2t ) ab
'Jo (tb+(1—t)a)2f (tb+(1—t)a>dt

3. Main Results

In this section we define the concept of harmonically («, s)-
convex functions and derive our main results. Throughout
this section I C (0, 00) is the interval and I” is the interior
of I.
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Definition 12. A function f : I — R is said to be harmon-
ically («, s)-convex, where («, s) € (0, 113, if

f(ET%%B§>:f((§+l§l>4) (8)

<tUf )+ (1) f(y)

forall x,y € Iandt € (0,1). If the inequality in (18) is
reversed, then f is said to be harmonically («, s)-concave.

Now we give some special cases of our proposed defini-
tion of harmonically («, s)-convex functions.

(D) If « = 1, then we have the definition of harmonically
s-convex functions in second sense.

(I) If s = 1, then we have the definition of harmonically
(@, 1)-convex functions or in other words harmonically s-
convex functions in first sense by writing s instead of a.

(III) If « = s = 1, then we have the definition of
harmonically convex functions. Thus, every harmonically
convex function is also harmonically (1, 1)-convex function.

The following proposition is obvious.

Proposition 13. Let f: I ¢ (0,00) — R be a function.

(1) If f is («, s)-convex and nondecreasing function, then
f is harmonically («, s)-convex.

(2) If f is harmonically («, s)-convex and nonincreasing
function, then f is («, s)-convex.

Proof. Forallt € [0,1] and x, y € I, we have

t(1—1)(x-y)’ >0. (19)
So, the following inequality holds:
Xy
— X <t 1-1t)y.
ty+(1-t)x x+( )y (20)
By inequality (20), the proof is completed. 0

Remark 14. According to Proposition 13, every nondecreas-
ing convex function (or (1, 1)-convex function) is also har-
monically convex function (or harmonically (1,1)-convex
function).

Example 15. The function f : (0,00) — R, f(x) =
x is a nondecreasing (1, 1)-convex function. According to
Remark 14, f is harmonically (1, 1)-convex function (or
harmonically («, s)-convex function for & = s = 1).

Proposition 16. Let f and g be two harmonically («,s)-
convex functions. If f and g are similarly ordered functions
and t* +(1-t%)° < 1, then the product fg is also harmonically
(«, s)-convex function.

Proof. Let f and g be harmonically («, s)-convex functions.
Then

ab ab
f<tb+(l—t)a>g<tb+(l—t)a>

<[t*f@+(1-t*) f )]

(g @+ (11 g®)] = £*f (@) g (a)
+t* (1-t*) [f (@) g (b) + f (b) g ()]
(1=t F () g(b) < £ (@) g (a)

+t* (1-1*) [f (@) g (@) + f (b) g (b)]

+ (1=t £ (B) g (b)
=[t*f@g@+(1-t") f(b) g ®)]
(-] <t f @) g (@) + (1-1%) £ (b)

g (b).
(21)
O
Proposition 17. Let f : [a,b] ¢ (0,00) — R and
g : [1/b,1/a] — R defined by g(x) = 1/x; then f is

harmonically («, s)-convex on [a,b], where &« € (0,1], s €
[0, 1], if and only if g is («, s)-convex on [1/b, 1/a].

Proof. Since

(f°9)(tx+(1—t)y)=f<m>

=f<m)=f<(f+%>l) (22)

<t“f(r)+(1-t%) f(k)

=t (feg) () +(1-t) (fo9)(»)
forallx, y € [1/b,1/al, t € [0,1], wherer,k € [a,b], x = 1/r,
y =1/k.
This demonstrates necessary condition is provided. Now
let us show the sufficient condition is also provided.
Forall x, y € [a,b] and t € [0, 1], we have

f(()—tc N %)_1> = (fog) <t§ +(1—t).i>

<t*(fo9)(3)

(23)
(-7 (-9 (5)

=t f @)+ (1= f ().
This completes the proof. O
Theorem 18. Let f : I — R be harmonically (a, s)-convex

function with o« € (0,1], s € [0,1]. If0 < a < b < oo and
f € Lla,b], then

ab Ffu)
dx

b-al, x*

b ! as a\sS
SML [t + (1 - )] at.

(24)



Proof. Since f is a harmonically (e, s)-convex function, we
have forall x, y € I

xy Qs NS
f(ty+(1——t)x>3t fE+-t)f(y) (25

which gives

ab as oS
f(m) <t f(a)+(l—t ) f(b),
(26)
f<__ﬁﬁ__)<”7ﬂﬂ+0—ﬂffM)
ta+(1-t)b)
forallt € [0,1].
Adding the above inequalities, we have
ab ab
f(tb+(1—t)a>+f<ta+(1—t)b> @

<[f@+f®][t*+01-)]

Integrating the above inequality on [0, 1], we obtain

J, £ (rima ) |, (s )

28)

1
<[f @+ f®)] L [+ (1)) e
which implies

ab (b f(x)

poa), o)

b ! s a\S
gML [+ (1 - %)’ at
which is the required result. O

Remark 19. If we take « = s = 1 in Theorem 18, then
inequality (24) becomes the right-hand side of inequality (2).

If we take &« = 1 in Theorem 18, we have the following
result for harmonically s-convex functions in second sense.

Corollary 20. Let f : I — R be harmonically s-convex
function in second sense where a,b € I with a < b and
s€[0,1]. If f € Lla, b), then

P[0 JOTO )

b-al, x* s+1

If we take s =
following result.

0, then Theorem 18 collapses to the

Corollary 21. Let f : I — R be harmonically P-function
wherea,b € I witha < b. If f € L[a,b], then

b
ab J F&) < f@y+F o). (31

b-al, x*

Our coming result is the Hermite-Hadamard inequality
for product of two harmonically («, s)-convex functions.
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Theorem 22. Let f,g : I — R be two harmonically («, s)-
convex functions where a,b € I witha < b, a € (0,1], s €
[0,1]. If fg € Lla, b], then

o [ (L2 Yt bty e,
where
m=f@g@, (33)
m=f®)g®), (34)
ns=f(@g®+f®) g, (35)
and

1
1
M, = J £ dt = ,
0 20 + 1

M, = Jol (1-%)*dt = /3(2s+ 1,& + 1), (36)

M; = JOI £ (1-t%) dt.
B is Euler Beta function defined by

B(x,y)= Jol R B L 3 x,y>0, (37)
and ,F, is hypergeometric function defined by

,Fi (a,b,¢;2)

= m J-Ol b1 (1- t)f*bfl (1-zt)dt, (38)

c>b>0, |z| < 1.

Proof. Let f,g : I — R be harmonically (a, s)-convex
functions; then we have

o [ (P8 - [ 1 (5is)

xy Lroas
.g<—ty+(l_t)x)dts JO (£ (a)

+(1-t FO)] [f*g @+ (1-%) g(b)] dt

=E0Mfwg@+u—ﬂff@g® ()
+ (1=t [f (@) g (b) + f (b) g (@)]) dt
= Ll £2%5dt + 1, Ll (1=t dt + 1, JOI (1
—t*)'dt = M, + 1, M, + 11, M.

This completes the proof. O
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Theorem 23. Under the conditions of Theorem 22, if f and g
are similarly ordered functions, then we have

b b
ba . J (f(x)g(x))dx <mN; +m3,N,,  (40)

x2

where 1, and 1, are given by (33) and (34),

! 1
N, = J t4dt = ,
0 as+ 1
(41)

1
NZ:J (l—t“)sdt:ﬁ<s+1,l+l>.
0 [e4

Proof. Integrating inequality (21) completes the proof. O

Theorem 24. Let f : I — R be a differentiable function on
I’,a,b € I witha < bandf' € L[a,b]. Iflf'lq is harmonically
(«, s)-convex on [a,b] forq > 1, with o € (0,1] and s € [0, 1],
then

’f(a);rf(b)_ ab jbf(’“’dx‘

2

b—
a x (42)
bb- - 1/
< POy | @]+ 0]
where A is given by (10),
K, = J-l ﬂdt (43)
b (1-na?
and
-2t (1 -t%)
%= n-2q@-r) (44)
o (tb+(1—-1t)a)

Proof. Using Lemma 11 and power mean inequality, we have

‘f@0+fw) ab J f&), ’ ab (b - a)
1-2t

b-a x? 2
! ! ab
.,[o (tb+(1-1t)a)’ f<tb+(1—t)a> dt
ab(b a)
(1)

lfl/q
d )
1
X J‘
( 0

1 (Gvi=a)

ab(b2 a) (J’

1-2t
(th + (1 —t) a)*

1-2t
(tb+ (1 -t)a)*

q \Y4
dt)

1-2t
(th + (1 —t) a)*

1-1/q
dt)

5

11— 2 as | g/ q S

X&w+u—ﬂm2h'fwﬂ+u )

1/g _
17 o)) - W
Nl @ el @)

(45)
This completes the proof. O

Corollary 25. Under the conditions of Theorem 24 if q = 1,
then we have

f@+f®) ab J f®), l

2 b-a x2

(46)

< M (s | @]+ x| f @)])

where K, and x, are given by (43) and (44), respectively.

Remark 26. If we take « = s = 1 in Theorem 24, then
inequality (42) becomes inequality (9) of Theorem 7.

If we take & = 1 in Theorem 24, then we have result for
harmonically s-convex functions in second sense.

Corollary 27. Let f: I — R be a differentiable function on
I’';a,b € I witha < bandf' € L[a b]. Iflf'lq is harmonically
s-convex in second sense on [a, b] for q > 1, then

f@+f®) ab j f&) .
2

b-a x?2

(47)
b(b- - 1/
< a (2 61)111 1/q [Pl |f/ (a)'q +p |f/ (b)|61] q
where A is given by (10),
1 s
[1 -2t ¢t
=| ——dt, 48
P .L(m+(1—ﬂaf (48)
and
1 _ _£\S
- I n-2AA -0, (49)
o (tb+(1-t)a)
respectively.

If we take s = 1 in Theorem 24, then we have following
result for harmonically s-convex functions in first sense for
a=s.

Corollary 28. Let f : I — R be a differentiable function on
I'ya,b e Iwitha<band f' € Lla,bl. If| f'|7 is harmonically
s-convex function in first sense, then

f@+f®) _ ab jbf(")dx
b-a

2 x2

(50)
ab(b a) 11/q

! q11/q
2 rof)

(1] f @]’



where A is given by (10), and

1 s
11— 2t ¢
= B I 51
P L (th+(1-1)a) Gl

and
p = - pp. (52)

If we take s = 0 in Theorem 24, we have the following
result for harmonically P -functions.

Corollary 29. Let f: I — R be a differentiable function on
I'ya,b e Iwitha <band f' € L[a,b). If | f'|? is harmonically
P-function for q > 1, then

f@+f®b) ab J f&), ‘

2 b-a x2

_ab(b a)}L Hf()|q 'f (b)|

(53)

where A, is given by (10).

Theorem 30. Let f : I — R be a differentiable function on
I’',a,b e I'witha < bandf' € Lla, b].Iflf'lq is harmonically
(&, s)-convex on [a,b] for p,q > 1, 1/p+1/q = 1, with«a €
(0,1], s € [0, 1], then

’f(a)*—f(b)__ ab Ib‘f(x)dx‘
2

b-al, x*

<ab(b—a)( 1 >”P (54)
B 2 p+1

() @[+ w1 )"

where
1 ttxs d
= —_—dft, 55
i Jo (tb+(1-1)a)™ 5)
and
)
=| ————dt, 56
¥ Jo (tb+ (1 -t)a)™ 56

respectively.

Proof. From Lemma 11, Holder’s inequality, and the fact that
|f '|is harmonically («, s) -convex function on [a, b], we have

LCRCREN N
2

b-al, x*

Sab(b—a)Jl 1-2t

2 o |(tb+ (1 -1)a)? dt

f,(tb+(alb—t)a)

= ab(bz_a) (Ll .
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Yr 1 ab a \Ya
P 4
2 dt) <L (th+(1-t)a) f (tb+(1—t)u) dt)

abb-a)( 1 \'"7( ) o
2 <p+1> <Lm[t |f' @|"+ (1

1/q
_ ta)s |fl (b)|‘i] dt)

Cab(b-a)( 1 \'? e ;oA\l
-0 () il @ rwlr oY)
(57)
where
1
1
J 1-2t)Pdt = —. (58)
0 p+1
This completes the proof. O

Remark 31. If we take « = s = 1 in Theorem 30, then
inequality (54) becomes inequality (13) of Theorem 8.

If we take & = 1 in Theorem 30, then we have result for
harmonically s-convex functions in second sense.

Corollary 32. Let f : I — R be a differentiable function on
I'ya,b e I'witha < band f' € L|a, b] [flf'lqisharmonically
s-convex function in second sense on [a,b] for p,q > 1, 1/p +
1/g =1, with s € [0, 1], then

‘f@;““_“bf7“u4

b-a x?

<ab(b—a)(L>”” (59)
B 2 p+1

(o |F @[+ ga | @)

where
1 ts
I
th+(1-t)a)™
o (tb+(1-t)a) (60)
(1,s+1) a
= ﬁT'ZFl (2q,1,5+2,1— E),
and
1 s
(1-1)
S LT
1-— q
o (tb+(1-t)a) (61)
B(s+1,1)
= (2q,s+1 s+2, 1—5)
respectively.

If we take s = 1 in Theorem 30, then we have the following
result for harmonically s-convex functions in first sense for
a=s.
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Corollary 33. Let f: I — R be a differentiable function on
I'ya,b e I’ witha < bandf' € L[a,b]. IfIf'Iq is harmonically
s-convex in first sense on [a, b] for p,q > 1, 1/p+1/q = 1, with
s € [0,1], then

’f(a);rf(b)_ ab Ibf(x)dx‘

b-al, x?
< ab((b-a) ( 1 >1/p (62)
2 p+1
1/q9
(O | @+ 9] B,
where
1 s
9, - J — 1t -t
t —t
o (tb+(1-t)a) (63)
(1,s+1) a
= ‘BT'ZFI <2q, 1,s+2,1—- E)’
and
1 _ 45 1-2q _ _1-2q
92=J L L S NP7
o (tb+(1-1t)a)™ (b-a)(1-2q)
respectively.
If s = 0 in Theorem 30, then we have result for

harmonically P-functions.

Corollary 34. Let f : I — R be a differentiable function on
I'ya,b e I'witha < band f' € L{a,b]. If| f'|1 is harmonically
P-function on [a,b] for p,q > 1, 1/p+1/q = 1, then

‘f(a);f(b)_ ab r’f(x)dx‘

b-al, x>

<ab(b—a)< 1 >”P (65)
B 2 p+1

oV (lfl (a)'q + |fl (b)|q)1/q ,
where

bl—Zq _ 1-2q

- . (66
(b-a)(1-2q) (00

! 1
_ d
v L hrQ-nai

4. Some Applications to Special Means

Let us recall the following special means for arbitrary real
numbersaand b (a # b).
(1) The arithmetic mean:

a+b

A=A(ab) = (67)

(2) The geometric mean:

G =G (a,b) = Vab. (68)

7
(3) The p-logarithmic mean:
pPHL _ gPHl 1/p
L, =L (a, b) = [ >
P (p+1)(b-a) (69)

peR\{-1,0}.

Proposition 35. Let0 < a <b,q> lands € (0,1). Then, we
have
-y
(70)
ab(b-a)(s+ _
< ( 2) ( q) All Va (Plas + szs)l/q
q

where Ay, p,, and p, are given by (10), (48), and (49),

respectively.

Proof. The assertion follows from inequality (47) in Corol-
lary 27, for : (0,00) — R, f(x) = x/1* /(s/q + 1). O

Proposition 36. Let 0 < a < b, p > 1,q = p/(p—1), and
s € (0,1). Then, we have
/q+1 /q+1 2 1s/q-1
'A(as g+ b q+ )—G Ls/q_1|
(71)

B ab(b—a)(s+q)( 1
B 2q p+1

where 9, and 9, are given by (63) and (64).

1/p Y
) (9,a° + 9,6

Proof. The assertion follows from inequality (62) in Corol-
lary 33, for : (0,00) — R, f(x) = x/7"/(s/q + 1). O

5. Conclusion

In this paper, we introduce and investigate a new class of
harmonically convex functions, which is called harmoni-
cally (e, s)-convex functions. Some new results of Hermite-
Hadamard type for the newly introduced class of harmoni-
cally convex functions are established. Some applications of
these results to special means have also been presented. The
results of this paper may stimulate further research for the
researchers working in this field.
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